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A	
  final	
  thought	
  

•  On	
  the	
  ma]er	
  of	
  knowledge	
  for	
  teaching	
  we	
  
need	
  to	
  capitalize	
  on	
  the	
  fact	
  that	
  teachers	
  
work	
  in	
  ins%tu%ons,	
  not	
  alone	
  

•  We	
  need	
  to	
  think	
  of	
  teacher	
  knowledge	
  as	
  
distributed	
  between	
  the	
  knowledge	
  in	
  the	
  
heads	
  of	
  individuals	
  and	
  the	
  knowledge	
  extant	
  
in	
  ins%tu%onal	
  ar%facts	
  and	
  customs	
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The	
  no%on	
  of	
  teacher	
  knowledge	
  

•  Has	
  evolved	
  from	
  the	
  %me	
  when	
  we	
  thought	
  of	
  
teacher	
  knowledge	
  in	
  terms	
  of	
  degrees	
  or	
  coursework	
  

•  Now,	
  major	
  proponents	
  of	
  MKT	
  are	
  able	
  to	
  specify	
  bits	
  
of	
  teacher	
  knowledge	
  and	
  iden%fy	
  how	
  those	
  bits	
  
make	
  a	
  difference	
  in	
  prac9ce.	
  

•  However,	
  the	
  no%on	
  of	
  teacher	
  knowledge	
  con%nues	
  
to	
  emphasize	
  the	
  individual	
  ownership	
  of	
  this	
  
knowledge	
  	
  	
  

•  And	
  creates	
  the	
  impression	
  that	
  instruc9onal	
  
improvement	
  consists	
  In	
  improving	
  the	
  individual	
  
teacher,	
  their	
  knowledge	
  and	
  skill	
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We	
  need	
  to	
  look	
  at	
  instruc%onal	
  
improvement	
  from	
  a	
  broader	
  perspec%ve	
  	
  
•  We	
  take	
  for	
  granted	
  that	
  increasing	
  individual’s	
  mathema%cal	
  knowledge	
  

for	
  teaching	
  is	
  one	
  lever	
  for	
  instruc%onal	
  improvement.	
  	
  
•  Inspired	
  by	
  two	
  recent	
  key	
  contribu%ons	
  to	
  the	
  ques%on	
  of	
  other	
  levers	
  

for	
  improvement	
  	
  
–  Atul	
  Gawande’s	
  The	
  Checklist	
  Manifesto	
  
–  Anne	
  Morris	
  and	
  Jim	
  Hiebert’s	
  Educa%onal	
  Researcher	
  piece	
  

•  We’d	
  like	
  to	
  argue	
  with	
  those	
  scholars	
  that	
  another	
  lever	
  for	
  improvement	
  
issues	
  from	
  the	
  no%on	
  that	
  organiza9ons	
  can	
  be	
  more	
  knowledgeable	
  	
  	
  

•  Organiza%ons	
  (or	
  more	
  specifically	
  instruc9onal	
  systems)	
  for	
  example	
  	
  
–  A	
  specific	
  class	
  for	
  a	
  specific	
  group	
  of	
  kids	
  
–  Sets	
  of	
  same	
  courses	
  offered	
  to	
  comparable	
  kids	
  	
  
–  Course	
  sequences	
  offered	
  to	
  comparable	
  kids	
  	
  
–  Course	
  offerings	
  by	
  a	
  mathema%cs	
  department	
  in	
  a	
  school	
  or	
  district	
  
–  All	
  the	
  teachers	
  of	
  high	
  school	
  geometry	
  of	
  the	
  country	
  
–  All	
  the	
  coopera%ng	
  teachers	
  of	
  a	
  given	
  teacher	
  educa%on	
  program	
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In	
  the	
  rest	
  of	
  the	
  talk	
  

•  We	
  propose	
  a	
  framework	
  to	
  think	
  about	
  
organiza%onal	
  knowledge	
  in	
  instruc%on	
  as	
  
composed	
  of	
  individual	
  and	
  collec%ve	
  
components	
  

•  We	
  illustrate	
  the	
  collec9ve	
  side	
  and	
  connect	
  to	
  
the	
  ques%on	
  of	
  improvement	
  by	
  sugges%ng	
  how	
  
intellectual	
  resources	
  (such	
  as	
  checklists,	
  forms,	
  
rubrics)	
  and	
  their	
  research-­‐based	
  development	
  
can	
  help	
  make	
  instruc%onal	
  systems	
  more	
  
knowledgeable	
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Cook	
  and	
  Brown	
  (1999)	
  proposed	
  a	
  
framework	
  for	
  organiza%onal	
  

knowledge	
  
Examples	
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An	
  addi%onal	
  dis9nc9on	
  
between	
  generic	
  and	
  specific	
  
knowledge	
  could	
  be	
  useful	
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The	
  contribu%ons	
  of	
  MKT	
  and	
  	
  
Prac%cal	
  Ra%onality	
  

•  The	
  no%on	
  of	
  mathema%cal	
  knowledge	
  for	
  
teaching	
  	
  
–  Is	
  a	
  contribu%on	
  to	
  the	
  individual,	
  specific	
  stack	
  
– With	
  elements	
  that	
  are	
  tacit	
  and	
  elements	
  that	
  
are	
  explicit	
  

•  Our	
  work	
  under	
  the	
  heading	
  “Prac%cal	
  
Ra%onality”	
  a]empts	
  to	
  contribute	
  to	
  the	
  
collec%ve,	
  specific	
  stack	
  
– Also	
  with	
  elements	
  that	
  are	
  tacit	
  and	
  elements	
  
that	
  are	
  explicit	
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Would	
  you	
  use	
  this	
  equa%on?	
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Instruc%onal	
  situa%ons	
  	
  
•  With	
  the	
  no%on	
  of	
  “instruc%onal	
  situa%on”	
  we	
  refer	
  to	
  subject	
  specific	
  genres	
  of	
  

classroom	
  work,	
  where	
  students’	
  work	
  on	
  some	
  par%cular	
  kinds	
  of	
  tasks	
  is	
  taken	
  
by	
  the	
  teacher	
  as	
  indica%ons	
  of	
  their	
  possession	
  of	
  par%cular	
  bits	
  of	
  knowledge.	
  

•  For	
  example,	
  their	
  work	
  on	
  “solve	
  5x	
  –	
  1	
  =	
  3x	
  +	
  7”	
  is	
  likely	
  to	
  exchange	
  for	
  a	
  claim	
  
about	
  students’	
  knowledge	
  of	
  methods	
  for	
  transforming	
  an	
  equa%on	
  without	
  
transforming	
  the	
  solu%on	
  set.	
  	
  
–  We	
  call	
  that	
  exchange,	
  that	
  instruc9onal	
  situa9on,	
  “solving	
  for	
  x.”	
  

•  Teachers	
  as	
  a	
  group	
  have	
  special	
  knowledge	
  that	
  they	
  use	
  in	
  enac%ng	
  that	
  
situa%on.	
  For	
  example	
  knowledge	
  of	
  the	
  norms	
  of	
  instruc9onal	
  situa9ons.	
  

•  E.g.,	
  they	
  would	
  be	
  unlikely	
  to	
  give	
  a	
  problem	
  like	
  “solve	
  5x	
  +	
  65	
  =	
  20x	
  +	
  5”	
  
•  What	
  is	
  it	
  that	
  teachers	
  know	
  about	
  instruc%onal	
  situa%ons?	
  

–  As	
  a	
  group,	
  they	
  know	
  the	
  norms	
  of	
  the	
  instruc%onal	
  situa%ons	
  that	
  cover	
  the	
  high	
  
school	
  curriculum	
  	
  

–  As	
  a	
  group,	
  they	
  also	
  know	
  the	
  possible	
  consequences	
  of	
  breaching	
  those	
  norms.	
  
•  Norms	
  (in	
  this	
  context)	
  are	
  statements	
  that	
  describe	
  who	
  is	
  supposed	
  to	
  do	
  what	
  

and	
  when	
  in	
  an	
  instruc%onal	
  situa%on.	
  Tacit	
  expecta%ons	
  on	
  the	
  teacher	
  and	
  the	
  
student.	
  

–  Knowledge	
  of	
  these	
  norms	
  is	
  tacit,	
  for	
  the	
  most	
  part,	
  and	
  held	
  by	
  the	
  group,	
  for	
  
example	
  distributed	
  between	
  teachers,	
  exams	
  and	
  other	
  ar%facts,	
  textbook	
  writers,	
  
editors,	
  and	
  reviewers	
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A	
  first	
  connec%on	
  to	
  improving	
  instruc%on	
  
by	
  way	
  of	
  improving	
  instruc9onal	
  systems	
  
•  If	
  enactment	
  of	
  instruc%onal	
  situa%ons	
  was	
  studied	
  in	
  detail	
  

–  E.g.,	
  by	
  dis%lling	
  the	
  norms	
  that	
  make	
  it	
  possible	
  for	
  teachers	
  
and	
  students	
  to	
  exchange	
  work	
  for	
  knowledge…	
  

•  Those	
  norms	
  (and	
  possibly	
  also	
  the	
  operators	
  or	
  moves	
  warranted	
  
by	
  them)	
  could	
  be	
  turned	
  into	
  ar9facts	
  such	
  as	
  rubrics	
  or	
  checklists	
  

•  And	
  the	
  use	
  of	
  those	
  ar%facts	
  could	
  be	
  required	
  of	
  (suggested	
  to)	
  
prac%%oners	
  

•  Like	
  the	
  checklists	
  in	
  surgery,	
  it	
  is	
  expected	
  that	
  this	
  move	
  would	
  
elicit	
  a	
  lot	
  of	
  protest,	
  but	
  we	
  could	
  at	
  least	
  be	
  open	
  to	
  studying	
  
whether	
  the	
  ar9facts	
  make	
  a	
  difference	
  (in	
  surgery	
  they	
  do,	
  even	
  in	
  
very	
  good	
  surgeon	
  teams)	
  and	
  developing	
  good	
  ar9facts	
  through	
  
research	
  of	
  the	
  kind	
  suggested	
  by	
  Morris	
  and	
  Hiebert	
  (2011).	
  
–  This	
  could	
  be	
  started	
  with	
  prac%%oners	
  at	
  the	
  induc%on	
  stage	
  or	
  with	
  

prac%%oners	
  who	
  have	
  emergency	
  cer%fica%on	
  (c)	
  P.	
  Herbst	
  &	
  D.	
  Chazan	
  



But	
  in	
  teaching	
  we	
  need	
  more	
  than	
  
enactment	
  of	
  instruc%onal	
  situa%ons	
  

•  To	
  construct	
  opportuni%es	
  to	
  learn,	
  par%cularly	
  
to	
  give	
  students	
  more	
  of	
  a	
  chance	
  at	
  using	
  what	
  
they	
  know	
  to	
  learn	
  what	
  they	
  don’t	
  yet	
  know,	
  
norms	
  need	
  to	
  be	
  broken	
  and	
  renego%ated.	
  

•  What	
  knowledge	
  do	
  prac%%oners	
  as	
  a	
  group	
  
have,	
  that	
  can	
  support	
  breaches	
  of	
  norms	
  of	
  
instruc%onal	
  situa%ons	
  	
  

•  Let’s	
  look	
  at	
  one	
  example	
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Another	
  example	
  of	
  an	
  instruc%onal	
  situa%on:	
  	
  
Installing	
  a	
  theorem	
  in	
  high	
  school	
  geometry	
  

(c)	
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The	
  norm:	
  Sanc%oning	
  
•  For	
  a	
  teacher	
  to	
  be	
  able	
  to	
  hold	
  students	
  accountable	
  to	
  use	
  a	
  

statement	
  as	
  true,	
  the	
  statement	
  needs	
  to	
  have	
  been	
  sanc9oned,	
  
or	
  invested	
  of	
  status	
  (theorem,	
  lemma,	
  property,	
  etc.)	
  
–  This	
  sanc%oning	
  is	
  done	
  by	
  the	
  teacher	
  	
  

•  Classroom	
  instruc%on	
  (as	
  a	
  case	
  of	
  instruc%onal	
  systems)	
  could	
  be	
  
more	
  knowledgeable	
  if	
  classrooms	
  had	
  publicly	
  displayed	
  prompts	
  
such	
  as	
  “Could	
  a	
  statement	
  we	
  proved	
  for	
  homework	
  help	
  us	
  prove	
  
another	
  statement	
  later?	
  How	
  would	
  it	
  make	
  sense	
  to	
  refer	
  to	
  or	
  
remember	
  it?”	
  	
  

•  But	
  that	
  is	
  a	
  rela%vely	
  low	
  bar…	
  	
  
•  Is	
  there	
  group	
  knowledge	
  about	
  mathema%cs	
  teaching	
  that	
  could	
  

support	
  handling	
  the	
  installa%on	
  of	
  a	
  theorem	
  through	
  leCng	
  
students	
  figure	
  out	
  that	
  the	
  statement	
  proved	
  is	
  useful?	
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When	
  we	
  showed	
  the	
  anima%on	
  to	
  
experienced	
  high	
  school	
  geometry	
  teachers…	
  
•  They	
  could	
  value	
  the	
  animated	
  teacher’s	
  inten%on	
  of	
  
giving	
  students	
  the	
  opportunity	
  to	
  recognize	
  the	
  
usefulness	
  of	
  what	
  they	
  had	
  proved.	
  

•  They	
  saw	
  as	
  acceptable	
  that	
  the	
  connec%on	
  be	
  spo]ed	
  
while	
  solving	
  the	
  second	
  problem,	
  aoer	
  having	
  done	
  the	
  
second	
  problem	
  the	
  long	
  way,	
  or	
  even	
  later.	
  

•  They	
  saw	
  the	
  whole	
  class	
  as	
  a	
  resource	
  that	
  could	
  
support	
  that	
  move:	
  at	
  least	
  some	
  students	
  would	
  see	
  a	
  
connec%on	
  and	
  they	
  could	
  share	
  this	
  with	
  all.	
  

•  They	
  saw	
  the	
  episode	
  as	
  encouraging	
  students	
  to	
  
translate	
  between	
  proof	
  problems,	
  typically	
  expressed	
  in	
  
terms	
  of	
  a	
  diagram,	
  and	
  theorems	
  typically	
  expressed	
  in	
  
terms	
  of	
  general	
  concepts.	
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In	
  other	
  words,	
  they	
  could	
  see	
  value	
  in	
  
breaching	
  the	
  “sanc%oning”	
  norm	
  

On	
  account	
  of	
  disposi%ons	
  toward	
  
Crea%ng	
  context	
  for	
  mathema9cal	
  prac9ces	
  such	
  as	
  
making	
  connec9ons	
  between	
  problems,	
  
recognizing	
  important	
  results,	
  and	
  transla9ng	
  
between	
  different	
  registers.	
  	
  

As	
  well	
  as	
  enhancing	
  the	
  students’	
  intellectual	
  
experience	
  and	
  encouraging	
  students	
  to	
  listen	
  to	
  
others	
  in	
  the	
  class.	
  

Of	
  course	
  we	
  also	
  heard	
  arguments	
  that	
  rebuffed	
  
the	
  ac%ons	
  of	
  the	
  animated	
  teacher.	
  He	
  could	
  
have	
  done	
  be]er.	
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Those	
  disposi%ons	
  that	
  can	
  be	
  publicly	
  
used	
  to	
  jus%fy	
  or	
  indict	
  teaching	
  ac%ons	
  
•  Are	
  examples	
  of	
  what	
  we	
  mean	
  by	
  prac9cal	
  
ra9onality	
  and	
  elements	
  of	
  the	
  specific	
  
knowledge	
  held	
  by	
  the	
  group,	
  tacitly	
  for	
  the	
  
most	
  part.	
  
– Elicited	
  in	
  the	
  context	
  of	
  thought	
  experiments	
  
such	
  as	
  the	
  study	
  groups	
  we’ve	
  had	
  with	
  
anima%ons	
  like	
  the	
  one	
  just	
  shown.	
  

•  These	
  disposi%ons	
  can	
  be	
  associated	
  with	
  the	
  
norms	
  that	
  they	
  breach	
  or	
  support	
  and	
  also	
  
with	
  more	
  general	
  professional	
  obliga9ons.	
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The	
  disposi9ons	
  to	
  breach	
  (or	
  nego%ate	
  compliance	
  
with)	
  norms	
  of	
  an	
  instruc%onal	
  situa9on	
  can	
  be	
  
defended	
  on	
  account	
  of	
  professional	
  obliga9ons	
  

•  The	
  (secondary)	
  mathema%cs	
  teacher	
  is	
  obligated	
  to	
  
•  The	
  discipline	
  of	
  mathema%cs	
  

–  To	
  design	
  and	
  manage	
  work	
  that	
  represents	
  the	
  ideas	
  and	
  prac%ces	
  
of	
  the	
  discipline	
  	
  

•  Students	
  as	
  individuals	
  
–  To	
  cater	
  to	
  the	
  needs	
  and	
  aspira%ons	
  of	
  individual	
  students	
  

•  Students	
  as	
  a	
  group	
  
–  To	
  manage	
  and	
  support	
  the	
  social	
  world	
  of	
  classroom	
  interac%on.	
  

•  The	
  ins%tu%on	
  of	
  schooling	
  
–  To	
  operate	
  within	
  the	
  provisions	
  and	
  constraints	
  of	
  the	
  schooling	
  

system	
  (curriculum,	
  schedules,	
  calendars,	
  assessment	
  scales,	
  etc.)	
  

(c)	
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We’d	
  like	
  to	
  propose	
  that	
  those	
  
obliga9ons	
  could	
  be	
  more	
  prominent	
  

elements	
  of	
  group	
  knowledge	
  

•  Specifically	
  that	
  they	
  could	
  be	
  used	
  to	
  jus%fy	
  
prescribed	
  alterna9ves	
  to	
  norma9ve	
  moves	
  in	
  
instruc%onal	
  situa%ons,	
  possibly	
  represented	
  
in	
  situa%on-­‐specific	
  checklists	
  or	
  rubrics.	
  

•  For	
  example,	
  consider	
  the	
  situa%on	
  of	
  “doing	
  
proofs,”	
  where	
  usually	
  the	
  teacher	
  is	
  expected	
  
to	
  provide	
  the	
  “given”	
  and	
  the	
  “prove”	
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Imagine	
  a	
  checklist	
  that	
  included	
  not	
  
only	
  the	
  reminder	
  of	
  the	
  move	
  to	
  

provide	
  the	
  given	
  and	
  the	
  prove,	
  but	
  
also	
  defensible	
  alterna%ves,	
  such	
  as	
  	
  

•  Provide	
  the	
  statement	
  to	
  prove,	
  then	
  ask	
  
students	
  to	
  propose	
  publicly	
  what	
  the	
  givens	
  
could	
  be.	
  

•  Prompt	
  students	
  to	
  compare	
  those	
  different	
  
givens	
  in	
  two	
  ways	
  
– Which	
  of	
  the	
  proposed	
  ‘givens’	
  permits	
  to	
  deduce	
  the	
  
‘prove’?	
  

– Which	
  of	
  the	
  proposed	
  ‘givens’	
  assumes	
  less?	
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Such	
  rubric	
  might	
  look	
  like…	
  
“Doing proofs” Normatively Alternative: One could… Example 

Goal The goal to produce a proof is 
conveyed to students explicitly. 

Ask students a question that 
led them to reason deductively. 

If two lines look like they 
would intersect outside the 
paper, is there any way I can 
find out what angle they would 
make? 

Proposition proved  The proposition is provided 
parsed into given and “prove.” 

Provide the proposition as a 
concise declarative statement 
and have students parse it. 

Prove that base angles of an 
isosceles triangle are 
congruent. Identify the givens 
and the prove. 

Proposition proved  The proposition assigned is 
usually too particular to a 
configuration and not expected 
to be used. 

Cast as a proof exercise a real 
theorem and give students an 
opportunity to reinvest it later.  

Shown in Story 2: Isosceles 
triangles 

Givens Are provided to students. Provide the “prove” statement 
and ask students what they’d 
need as givens to be able to 
prove it. 

We want to prove that the sides 
of this rectangle stand in a ratio 
1:2. The figure includes the 
midpoint of one of the longer 
sides and segments connecting 
it to the opposite vertices. 
Students could ask to be given 
that those segments make a 
right angle. 

Prove Is provided to students. Provide the givens and ask 
students what else they could 
say about the objects described 
in the givens. 

Similar problem as above, but 
give the right angle and ask 
them what could be said about 
that rectangle.  
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An	
  approach	
  to	
  improvement	
  that	
  relies	
  not	
  solely	
  on	
  
individual	
  knowledge	
  but	
  also	
  on	
  the	
  development	
  

and	
  use	
  of	
  shared	
  resources	
  for	
  teaching	
  	
  

•  Some	
  of	
  those	
  resources	
  are	
  curricular	
  
–  E.g.,	
  proof	
  problems	
  with	
  alterna%ve	
  formula%ons	
  

•  Other	
  resources	
  are	
  instruc%onal	
  
–  E.g.,	
  checklists,	
  rou%nes,	
  and	
  alterna%ve	
  sets	
  of	
  moves	
  
–  They	
  can	
  be	
  developed	
  for	
  instruc%onal	
  situa%ons	
  so	
  as	
  to	
  
maintain	
  them	
  close	
  to	
  prac%ce.	
  

–  They	
  can	
  have	
  fleshed	
  out	
  alterna%ves	
  that	
  support	
  
mee%ng	
  the	
  different	
  obliga%ons.	
  

–  They	
  can	
  be	
  improved	
  con%nuously	
  through	
  prac%%oner	
  
research	
  such	
  as	
  done	
  by	
  Gawande	
  in	
  surgery	
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Developing	
  resources	
  to	
  improve	
  
collec%ve,	
  specific	
  knowledge	
  for	
  teaching	
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A	
  final	
  thought	
  

•  On	
  the	
  ma]er	
  of	
  knowledge	
  for	
  teaching	
  we	
  
need	
  to	
  find	
  ways	
  of	
  making	
  good	
  out	
  of	
  the	
  
fact	
  that	
  teachers	
  work	
  in	
  ins%tu%ons,	
  not	
  
alone	
  

•  We	
  need	
  to	
  think	
  of	
  teacher	
  knowledge	
  as	
  
distributed	
  among	
  the	
  knowledge	
  in	
  the	
  heads	
  
of	
  individuals	
  and	
  the	
  knowledge	
  extant	
  in	
  
ins%tu%onal	
  ar%facts	
  and	
  customs	
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LessonSketch	
  

•  An	
  online	
  environment	
  for	
  teachers	
  to	
  create,	
  
examine,	
  and	
  discuss	
  representa%ons	
  of	
  prac%ce	
  
using	
  cartoon	
  characters.	
  

•  www.lessonsketch.org	
  
•  The	
  site	
  currently	
  contains	
  our	
  anima%ons	
  and	
  
tools	
  for	
  teachers	
  to	
  create	
  alterna%ves	
  (as	
  
slideshows	
  of	
  cartoon	
  characters)	
  and	
  discuss	
  
them	
  with	
  others	
  in	
  forums	
  

•  Rubrics	
  with	
  illustrated	
  examples	
  will	
  come	
  online	
  
over	
  %me.	
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